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Abstract
The strong head-tail instability of a positron or proton
bunch may be caused by wakefields arising in the elec-
tron cloud present in the beam pipe. These wakefields
are known to produce both deflection and tuneshift vary-
ing along the bunch. We discuss a model involving this
tuneshift as well as the machine chromaticity and trans-
verse feedback.
1 INTRODUCTION
The recent years brought a lot of information concerning
the influence of electron cloud on collective dynamics of
positron/proton beams, see [1] and references therein. Par-
ticularly, observations of the thresholds and growth rates
of the transverse beam instabilities at KEKB LER, CERN
SPS, and other machines seem to be consistent with the hy-
pothesis of the head-tail instability in a single bunch caused
by the cloud wakefields [2], degradation of the effective
transverse emittance being a manifestation of this instabil-
ity.
Our objective in this paper is a detailed characterization
of the strong head-tail instability, provided the cloud re-
sponse is already known. We first consider the properties
and parametrization of the electron cloud wake in Sections
2,3. In Section 4.1 we summarize essentials of the stan-
dard technique for analysis of single-turn instabilities in
a bunched beam, see e. g. [3]. The stability analysis
is based on finding the complex tunes of transverse (syn-
chrobetatron) modes from linearized Vlasov equation. We
emphasize the role of the machine chromaticity in control
of the mode growth rates. The transverse electron cloud
wake known from simulations is then used for characteriz-
ing the chromaticity-dependent mode tunes in KEKB LER
and CERN SPS.
The standard wake and impedance approach can be mod-
ified so as to include some specific features of the cloud re-
sponse. In Section 4.2 we include in our consideration the
betatron tune variation along the bunch due to difference in
incoherent tuneshifts caused by growth of the cloud density
during the bunch passage (pinching of the cloud).
Simulation of the cloud response shows that the cloud
pinching results in non-trivial behavior of the transverse
dipole wakefield [4, 5], and in Sections 4.3, 4.4 we present
the modification of the standard Vlasov eigenvalue prob-
lem for the wake function
	

which is not reducible
to the difference argument  .
In Appendices we discuss why the modes with very high
order can be disregarded in practical situations. The stan-

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dard approach can include a simplified model of the trans-
verse bunch-to-bunch feedback, its influence on the beam
instability due to electron cloud is discussed in Section 5.
Using the presented techniques, we discuss the typical
behavior of the head-tail modes in Section 6, using the pa-
rameters of the electron cloud wake for KEKB LER and
CERN SPS.
Section 7 is devoted to the estimate of stability based on
the coasting-beam limit. And finally, we summarize the
results in Conclusion.
2 EQUATIONS OF MOTION
Following the theory of beam-ion or beam-electron in-
teraction [6] we derive one-dimensional equations of mo-
tion for our case where the photoelectron cloud is already
present prior to arrival of the bunch whose motion is stud-
ied.
We write the linear equations for the beam centroid off-
set 

, and electron cloud centroid   at the ma-
chine azimuth  at the time  . Uniform longitudinal density
is assumed in both the electron cloud and positron bunch,









































Betatron oscillations of the beam are taken in the smooth
form with ! " # ﬀ+*-, , , being the vertical amplitude func-
tion.






























 is the time-averaged electron cloud density,
3
6
and 3 5 are the vertical and horizontal beam sizes,
7 is the electron charge,
9 is its rest mass,
8 is the beam Lorentz-factor,
ﬁ is the speed of light,
<
= is the classical electron radius.
Electrons of the cloud oscillate in the bunch space charge

















 is the bunch population and 3 B is its Gaussian
length.






































































Thus the problem is reduced to the beam breakup with an



















PARAMETRIZATION OF THE WAKE
FUNCTION
Non-uniformity of the positron bunch density leads to
the frequency spread of the photoelectron oscillation and
results in decoherence of the cloud response. A sim-
ple estimate can be done by averaging the wake with a
weight function e 2fg which implies e. g. horizontal non-





























































The result can be expressed in terms of the Struve function
and can be fitted either by the Bessel function v D ( "  * ﬁ 
for large





















































Figure 1: The decoherence wake
p
_ (solid line) and the









; bottom: fit by the broad-band resonator
with (#n( " .
The corresponding transverse impedance is sampled
by the long bunch spectrum in the low-frequency range




























The broad-band resonator parameters relevant to the KEKB
LER and the SPS (see Table 1 for the parameter lists) are
determined from the simulations of the wake function [4,
5], and listed in Tables 2,3.
4 STRONG HEAD-TAIL INSTABILITY
In contrast to the beam break-up problem in a linac, the
dynamics in a circular machine is strongly affected by the
synchrotron oscillations. The electron cloud effect on co-
herent motion of the single bunch can be modelled by the
strong head-tail instability [2]. This will be the framework
of the stability analysis in the following section.
4.1 Standard Case, the Transverse Wake Func-
tion in the Form Ł&sa 1
Notation:
>
 is the number of positrons in a bunch,
1In this subsection we closely follow the derivation presented in Chap-
ter VI of A.W. Chao, Physics of Collective Instabilities in High Energy Ac-
celerators (J. Wiley, New York,1993), and refer to the equations therein
using the format “Eq. (6.xxx)” in the following part of the paper.
Table 1: Basic parameters of the KEKB LER and CERN
SPS
variable KEKB-LER SPS
particle type 7~ 
circumference   ﬀZ m 6900 m
beam energy  )  GeV 26 GeV









bunch spacing 8 ns —




0.06 mm 2.3 mm
bunch length 5 mm 30 cm
rms energy spread 0.0007 0.002














synchrotron tune ?)  ﬀ  0.0046
betatron tune  46. 26.7
average beta function 15 m 40 m
Table 2: Analytically determined parameters for wake
force induced by electron cloud using the resonator ap-
proximation. w *
{














, which linearly depend on











































































Table 3: Simulated parameters for the wake field induced
































































DDa is the horizontal (vertical) dipole moment of
particles at  ,
¨ is the slippage factor,
©






5	¥¦6~§ is the horizontal (vertical) angular beta-












Y is the angular synchrotron frequency.
The beam distribution function can be split into the un-










and ® " is expressed via functions of the unperturbed in-
































































The Vlasov equation is linearized for a small perturba-





















































where the action of transverse dipole wakefield   d




























and  6 «  DD is the vertical dipole moment of particles at
D for the perturbed distribution ®  .
In the dipole approximation, the solution should be a
function of ± and
¹















































 form a set of orthogonal functions which char-





























 being the weight function of radial modes. This
weight function is related to the unperturbed longitudinal






















] in the smooth approximation, rewriting the
force Eq. (2) in the frequency domain via the impedance,
and substituting the Fourier transform of the dipole mo-
ment distribution from Eq. (6.75), the problem is reduced






















































































































¨ is the chromatic frequency.



















If we take the broad-band resonator impedance model, then
for given shunt impedance w x , quality factor
{
, and res-





















For a Gaussian distribution in the longitudinal phase
space, the unperturbed distribution function and the weight











































































































































We consider here the azimuthal mode coupling only for
three lowest radial modes ( ! # ? ﬀ 
A
). The coupling ma-






































































































































































Before computing, the integration variable ( should be
















































Here Ä is the effective value of chromatic phase for a
Gaussian bunch, and the impedance is substituted from the
broad-band resonator model, Eq. (10). Then we rewrite the











































































































The tune of each mode    ( ª  * ( Y is obtained by solv-


















the mode frequency  #á( ª ﬃ r ( Y
corresponds to the r th synchrobetatron sideband. The ma-
trix has infinite dimension because of ¸â ×ãr·× â .






, and calculate the eigenvalues nu-
merically. To check-up the convergency, we compared the






4.2 Betatron Tune Variation Along the Bunch
The transverse fields of the positron/proton bunch cause
variation of the effective transverse size of electron cloud
over the bunch passage. The variable density of the cloud
results in different incoherent tuneshifts along the bunch.
Simulation shows that in some cases we can only consider
the linear part of the tune variation along the bunch [5].
Let us modify the standard analysis of Section 4.1 to in-
clude this effect. Now, in addition to the chromaticity ef-























and the transverse dipole perturbation ®  in the Vlasov


























































































































































As a consequence, we should modify the mode spectra in



















































and thus the formalism for the longitudinal tune variation
is ready.






























































































The final form of the coupling matrix for the Gaussian

















































































































































The eigenvalues do not depend on the sign of
è
.
With the same SPS parameters as used in Figs. 6,7, we





, as predicted in [7]. The positive chromatic-
ity effect remains, see Fig. 17.
4.3 General Case, the Transverse Wake Func-
tion in the Form Ł&%õ	a
For more general situations, e. g., for the electron cloud
response to dipole perturbations, translation invariance in
 does not hold, and the wake function cannot be reduced
to the form _káa . We now trace the differences in
the linearized Vlasov formalism resulting from the general
form of the wake,
	

. This function must vanish for
ã
.
First we introduce its full Fourier transform öED (  (
 




















































corresponds to the conventional wake b .













































































is the Fourier transform of the beam dipole moment distri-
bution    . Using a derivation shown in Eq. (6.75), we















































We put this expression in Eq. (1) transformed appropriately
















































































and relating the weight function ¿ <  to the unperturbed
distribution ² "  <  , Eq. (5), we only need to use the or-
thonormality condition Eq. (4) to reduce the integral equa-





















































































































 is given by Eq. (8), as for
the standard case.
Going to the time domain, we introduce the dipole mo-


























































































It is easy see that at vanishing chromaticity, ( Ë #  , all the
matrix elements are real numbers.
This time-domain form may give an advantage in com-
putation of the mode coupling matrix.
4.4 Gaussian Bunch
For the radial head-tail modes of the Gaussian bunch,

















































































































To obtain the time-domain form, we transform the mode






































































































for odd r . Of course, the hypergeometric function can be re-
duced to the “oscillator wave functions” expressed via the
Hermite polynomials, see Eq. (14). However, for higher-
order modes the above form is more efficient in computa-
tion. For  Õ 3 Ñ r Ñ ﬃ
A
! these functions have a Gaussian
cut-off, and thus the infinite integration range in Eq. (28)
is not a serious problem. Finally we have to substitute Eqs.
(30,31) into Eq. (28) in order to evaluate the general mode
coupling matrix for the Gaussian bunch.
5 A SIMPLE MODEL OF TRANSVERSE
FEEDBACK
A bunch-to-bunch feedback integrates the dipole mo-
ment over the total bunch length ( 3 B #  mm at KEKB!)
and applies its proportional kick after one turn, with a
tunable gain and phase shift. The feedback kicker pulse






, thus the one-turn delay may not cause a prob-
lem like in LEP machine.
Assuming a perfectly linear (no gain saturation) and
noiseless feedback hardware, we can describe its action by












where $ û³ü and
¶
û³ü
are the feedback gain and phase.



















mode; at positive chromaticity, higher-order syn-
chrobetatron modes are also influenced.
6 TYPICAL BEHAVIOR OF THE MODE
TUNES
The eigenvalues of truncated È , Eq. (17) (i. e., tunes of
each mode) are computed as functions of ﬁZwyx * { at fixed
bunch intensity, using (dz and
{
from the wake simulation
for KEKB LER and CERN SPS [4, 5].








The positive slope of all the mode tunes resulting from
incoherent effect of the electron cloud (single-particle fo-
cusing by the cloud) is equal in all the modes; it is ignored
in the following figures.
The parameters of the transverse dipole wake from the
electron cloud correspond to large values of the wake os-









for CERN SPS  # ﬀ )  . So, we are working with the
case of “long” bunch, the beam spectrum samples the
low-frequency part of the cloud impedance. An impor-
tant consequence is that the positive chromaticity results
in damping of all the lower-order head-tail modes up to or-













The above statement does not contradict with the van-
ishing sum of all decrements, see Appendix A. The damp-
ing of a dozen lower-order modes is balanced by the weak
anti-damping of a great many of higher-order modes. How-
ever, their weak instability is not important because of sta-
bilization by the incoherent tune spread of any nature, or
by quantum fluctuations in electron/positron machines, see
Appendix B.
At high intensity the mode coupling becomes important,
although for the long-bunch case the diagonal elements in
the mode coupling matrix tend to dominate. With suf-
ficiently high chromaticities, Ä 
A
, all the lower-order
modes included in truncation become stable, i. e. the high
positive chromaticity can significantly enhance the TMCI
threshold for “long” bunches.
Figures 2,3 show the effect of positive chromaticity for
the parameters of KEKB LER. With higher values of
{
,
see Figs. 4,5, the chromaticity effect becomes more pro-





2,3, are in reasonable agreement with observations of the
positron beam blowup at KEKB LER [8].
The same effect is shown in Figs. 6,7 with the param-
eters relevant to the CERN SPS. The chromaticity depen-
dence shown is consistent with the electron cloud instabil-
ity simulation for this machine [9].
Now return to the KEKB LER. The transverse feedback
is not very efficient against rather high increments of the
TMCI at zero chromaticity, Fig. 8. However, the feedback
tuned resistive, and in combination with the moderate pos-
itive chromaticity, can seriously raise the threshold, Fig. 9.
The same enhancement from the reactive feedback alone,
Figs. 10,11, leads to a conclusion that the parameters of the
bunch-to-bunch feedback, including its phase, can be opti-
mized with respect not only to the residual dipole oscilla-
tion, but also to the beam blowup believed to be caused by
the electron cloud. And in combination with the chromatic-
ity, Fig. 12, the effect of the feedback phase is stronger.
Dependence of the instability threshold on the bunch
current with different filling patterns at KEKB LER is
shown in Figs. 13,14. Here variation of the bunch current
means proportional variation of the cloud density plus the
square-root scaling of the wake oscillation frequency (gz .
For the parameters of CERN SPS, Figs. 15,16 show the
mode coupling dependence at 6 different gradients of the
linear tune variation along the bunch, the tune variation of








. The graphs demonstrate the stabilizing ef-
fect from the longitudinal variation of incoherent betatron
tune, cf. [7]. Fig. 17 presents the effect of the positive
chromaticity at fixed tune variation parameter.
7 MODE STABILITY IN THE COASTING
BEAM LIMIT
Using the coasting-beam limit, ( z 3	B * ﬁ ﬀ ,for estima-
tion of the bunched-beam stability, one usually takes the
maximum of ORQ
E
to be sure that all the modes are stable.











However, for our case with low mode numbers, r  ﬀ ,
and r ﬁ * 3	B ú ( z , this will yield too strong a condition
(sufficient, but not necessary).
Let us take the coasting-beam limit condition for stabil-



















































corresponding to 3Þ *
­
for Gaussian bunches.
Relating this coasting beam situation to the bunched













































For the higher-order modes the accurate treatment by the
TMC theory shows stability.


























Then, neglecting ( ª ú ( , we obtain the stability condition


























































and ( Y 3	Bùc ¨ .
Hence, we come to the scaling of the threshold level of
































































































i. e. the mode number is replaced with the wake oscillation















, from the single-




























The paper presents analytical tools for studies of strong
head-tail instability caused by electron cloud, including the
machine chromaticity. The standard multi-mode eigen-
value analysis of the transverse mode coupling is extended
by including into consideration the specific properties of
the cloud response caused by its pinching, Section 4.
On the basis of this study we come to a conclusion on
very important role of the high positive chromaticity, the
most appropriate measure of its stabilizing effect being the
respective chromatic phase Ä . In different parameter sets




radian. Smaller values of the chromaticity were
nevertheless efficient in combination with the transverse
bunch-to-bunch feedback system.
Although it is difficult to take into full account analyt-
ically such a complex phenomenon as the electron cloud,
the analytical effort applied to simplified dynamical mod-
els may provide some insight and help in better understand-
ing the results of simulation studies of the beam dynamics
under the influence of the electron cloud.
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Appendix A: The Sum of Decrements for a Gaus-
sian Bunch
The sum of eigenvalues is equal to the trace of the mode













































































































































Since wakefields are real functions of  , ORQ    (  is an odd






¡÷ , also vanishes.
Appendix B: Effect of Diffusion on Higher-Order
Head-Tail Modes
With the fast-oscillating wake (or for a “long” bunch),
the positive chromaticity can stabilize all the lower-order












However their decrements will be compensated by (small)
increments of a large number of higher-order modes to give
a vanishing sum. But there is a reason why the higher-order





machines quantum fluctuations of the syn-
chrotron radiation cause diffusion in particle oscillations.
Consider Ñ r Ñ» !  ﬀ , then the dipole moment is given by
























































where the diffusion constant /  3
 
*21
, and 1 is the radi-
ation damping time.


















































































































. Left: real part, right: imaginary part. From top to bottom: the chromatic phase is 0.0, 0.25, 0.5.




































Figure 3: Continued from previous figure: KEKB LER, head-tail mode tunes in units of the synchrotron tune vs the cloud















. Left: real part, right: imaginary part. From top to bottom: the chromatic
phase is 1.0, 1.5, 2.5.





















































. Left: real part, right: imaginary part. From top to bottom: the chromatic phase is 0.0, 0.25, 0.5.




































Figure 5: Continued from previous figure: KEKB LER, head-tail mode tunes in units of the synchrotron tune vs the cloud

















. Left: real part, right: imaginary part. From top to bottom: the
chromatic phase is 1.0, 1.5, 2.0.























































. Left: real part, right: imaginary part. From top to bottom: the chromatic phase is 0.0, 0.25, 0.5.




































Figure 7: Continued from previous figure: CERN SPS, head-tail mode tunes in units of the synchrotron tune vs the cloud
















. Left: real part, right: imaginary part. From top to bottom: the chromatic
phase is 1.0, 1.5, 2.5.
















































































































































real part, right: imaginary part. Combined action of the chromaticity and feedback, from top to bottom: a) no feedback,
no chromaticity; b) the feedback damping is 0.2; c) no feedback and the chromatic phase is 0.5; d) the feedback damping
is 0.2, and the chromatic phase is 0.5. { # ﬀ , ,  # V) 
A
mA.































































real part, right: imaginary part. Effect of the feedback phase, from top to bottom: a) no feedback; b-d) the feedback












































































real part, right: imaginary part. Effect of the feedback phase, from top to bottom: a) no feedback; b-d) the feedback











































































real part, right: imaginary part. Combined action of the chromaticity and feedback, from top to bottom: a) no feedback,
no chromaticity; b) the feedback damping is 0.2, its phase is 135 7 ; c) no feedback, the chromatic phase is 0.5; d) the








































































Figure 13: KEKB LER, head-tail mode tunes in units of the synchrotron tune vs the bunch current, mA. Left: real part,




























































Figure 14: KEKB LER, head-tail mode tunes in units of the synchrotron tune vs the bunch current, mA. Left: real
part, right: imaginary part. Combined action of the chromaticity and feedback, from top to bottom: a) no feedback, no
chromaticity; b) the feedback damping is 0.2; c) no feedback and the chromatic phase is 0.5; d) the feedback damping is
0.2, and the chromatic phase is 0.5. { # ﬀ .





























































, zero chromaticity, at different tune variation. Left: real part, right: imaginary part. From top to
bottom: the tune variation is 0.0, 0.5, 1.0.













































Figure 16: Continued from previous figure: CERN SPS, head-tail mode tunes in units of the synchrotron tune vs the
















, zero chromaticity, at different tune variation. Left: real part, right:
imaginary part. From top to bottom: the tune variation is 1.5, 2.0, 2.5.
























































, the tune variation is 1.0. Left: real part, right: imaginary part. From top to bottom: the chromatic
phase is 0.0, 1.0, 2.5.
